A parametric study was conducted to explore the effect of the interfacial transition zone (ITZ or interphase) on the overall elastic modulus of the CNT-reinforced cement. The effect of the ITZ properties on the elastic modulus of the CNT-reinforced cement was investigated using a four-phase axisymmetric model consisting of a single CNT aligned at the center of composite unit cell, an interface, an ITZ (or interphase), and a cement matrix. The CNT and cement matrix were assumed fully elastic while the interface was modeled using a cohesive surface framework. The width and mechanical properties of the ITZ and the interface were found to affect significantly the elastic modulus and the behavior of the composite material.
Introduction
Due to their excellent physical, mechanical, thermal, and electrical properties, carbon nanotubes (CNTs) are able to produce composites with outstanding properties. For example, single walled CNTs have a modulus of elasticity of approximately 1 TPa (i.e., slightly lower than that of diamond), a yield strength between 20 and 60 GPa, thermal conductivity almost two times that of diamond [1] , and a carrying capacity 1000 times higher than copper [2] . Moreover, CNTs have a high fracture strain capacity (i.e., more than 10% elastic strain at yielding) and a low density.
The utilization of CNTs has attracted researchers in all scientific disciplines. For example, CNTs were used as sensors in human and medical science [3] [4] [5] [6] [7] [8] . They were also utilized in food safety discipline for the determination of some chemicals in food samples which prevent the foodborne illnesses [9] . Moreover, CNTs have the capability of producing a new class of composites with upgraded qualities because of their high fracture strain capacity, low density, and elastic behavior under large strains [10] [11] [12] [13] .
Previous experimental results have showed marginal improvement in the properties of CNT-reinforced cementitious materials. On the other hand, several theoretical studies have predicted higher enhancement levels. The difference between the experimental and theoretical findings may be attributed to (1) a poor dispersion of carbon nanotubes, (2) a weak interfacial bonding between the matrix and the CNTs, and (3) an agglomeration and/or defect of CNTs.
The region surrounding the CNT has a significant influence on the mechanical properties of the bulk composite. Thus, the properties of this region need to be included in the modeling of CNT-reinforced cementitious materials. The region is characterized by an interfacial transition zone (ITZ or interphase) and an interface. The ITZ or interphase region is defined as the layer of finite thickness and distinct mechanical properties between the CNT/cement interface and the cement matrix. On the other hand, the interface is defined as the cohesive surface with zero thickness lying between the CNT and the interphase.
A limited number of experimental studies have been conducted to investigate the interfacial properties in CNTreinforced cementitious materials as compared to those performed on CNT/polymer composites [14] . If the friction after debonding is ignored, the interfacial properties mainly control the load transfer mechanism between the CNT and the cement matrix. However, Naaman et al. [15] reported interfacial shear strength values in the range from 1.4 MPa to 9.6 MPa between the steel fiber-reinforced concrete (SFRC) and cement-based matrices. On the other hand, Chan and Andrawes [16, 17] reported an effective shear strength value of 6.5 MPa between CNTs and the cement matrix using threepoint bending test results to calibrate the numerical model. They also used interfacial shear strength values between 5 MPa and 20 MPa in their parametric study.
The effect of the interphase, or ITZ, on the mechanical properties of CNT-reinforced cementitious materials is also significant. For example, it is widely accepted that the properties of the ITZ in concrete (without fibers) need to be considered for a better estimation of the overall mechanical properties. However, very little research has been done to characterize and provide quantitative measurements of the interphase. Interphase widths of less than 100 nm with quantitative mechanical measurements at each position have rarely been reported in the literature. This is due to the lack of experimental techniques that can measure the mechanical properties in nanoscale spatial resolution (Nair et al. [18] ). The elastic modulus of the ITZ was usually assumed to be uniform and lower than that of the paste matrix by a constant factor [19] . Although there is not enough theoretical or experimental evidence to support this assumption, this factor was assumed to have a value between 0.2 and 0.8 [20] . Lutz et al. [21] assumed that the elastic properties within the ITZ vary smoothly as a power function. They found that the modulus of the ITZ is 30 to 50 percent lower than that of the bulk matrix. In some recent studies, attempts were made to determine the local mechanical properties of the ITZ using microindentation testing [22] . Moreover, nanoindentation testing is a relatively new approach to measure the interphase size and mechanical properties in the nanoscale. Mondal et al. [23] characterized the mechanical properties of the ITZ between the paste and the aggregate using nanoindentation. They found that the average modulus in the interfacial zone is from 70% to 85% of that of the cement matrix. They also showed that the modulus of cement paste increases with the distance away from the aggregate. This finding contradicted those reported by Zhu et al. [24] who used microindentation to study the ITZ between the paste and the steel bar. Zhu et al. [24] reported that the elastic modulus decreases within the ITZ, which extends from 10 to 30 m from the actual steel interface. Moving away from the ITZ region, the elastic modulus value increases and becomes roughly constant at distances greater than 40 to 50 m.
Researchers have recently used Atomic Force Microscopy (AFM), nanoindentation, and nanoscratching to investigate the interphase in fiber/polymer composites. Williams et al. [25] estimated the thickness of the interphase in a carbon fiber/epoxy system to be 500 nm using a micro pull-out method. Vanlandingham et al. [26] estimated the thickness of the interphase in a copolymer to be 3 m using Atomic Force Microscopy (AFM) and nanoindentation techniques. Munz et al. [27] used scanning force microscopy (SFM) to assess the local mechanical properties of fiber-reinforced polymers assuming a single exponential decrease in the local stiffness along a radial line from the fiber to the polymer. They found that the characteristic decay lengths vary between 20 and 80 nm. Mai et al. [28] reported that the interphase thickness in a glass fiber/epoxy composite is from 1 to 3 m using the Atomic Force Microscopy (AFM) technique. Bogetti et al. [29] reported the interphase in a carbon fiber/epoxy system to be 3 nm. Downing et al. [30] used phase imaging AFM and nanoindentation to examine the interphase in a glass fiber-reinforced epoxy composite matrix. Their nanoindentation experiments indicated that the relatively stiff fiber might have caused a gradient in the elastic modulus across the interphase region. The elastic modulus within the ITZ approached the fiber elastic modulus at the interface and decreased by moving away from the fiber. The interphase was found to have a thickness from 2.4 to 2.9 m and to be independent of the fiber pretreatment and softer than the bulk phase. Hodzic et al. [31] also conducted nanoindentation and nanoscratching on polymer/glass composite systems to determine the interphase thickness. Nanoindentation and AFM have also been widely used to determine the fiber bias effect on the interphase in epoxy/fiber glass systems and epoxy/aluminum joints [32, 33] . Lee et al. [34] investigated the interphase properties of a natural fiber-composite using nanoindentation and finite element analysis. They showed that the interphase width was less than 1 m. However, they could not estimate the exact mechanical properties of the interphase. They concluded that the nanoindents needed to be smaller than the ones they have used. Lee et al. [35] investigated the interfacial zone of a lyocell/polypropylene composite modified by maleated polypropylene (MAPP) and APS using Atomic Force Microscopy Phase Imaging (AFM-PI). They reported that the ITZ width ranged from approximately 113 nm to 128 nm and 107 nm to 173 nm using MAPP and APS, respectively. They suggested that the chemical modification of fibers increased the width of the interfacial zone and promoted cross-linking reactions between the two coupling agents.
Nair et al. [18] evaluated the interphase of natural fiberreinforced polymer composites using Contact Resonance Force Microscopy (CR-FM). The nanoscale spatial resolution of CR-FM, combined with its ability to provide quantitative modulus images, allowed the investigation of the mechanical properties of interphases as narrow as 50 nm. (Gu et al. [36] ) used the dynamic nanomechanical mapping technique to investigate the characterization and dimension of the interphase in carbon fiber-reinforced polymer composites (CFRPs). The average interphase thicknesses were found to be from 118 nm to 163 nm for fiber diameters of 7 m. Pakzad et al. [37] studied the gradient of nanomechanical properties in the interphase of cellulose nanocrystal composites (CNCs). They reported that the interphase thickness is higher for CNCs with larger diameter. Needleman et al. [38] investigated Journal of Nanomaterials 3 the effect of varying the interface strength on the composite stress-strain response and on debonding both with and without an interphase. In their work, the interphase was assumed to be stronger than the matrix and its elastic modulus was assumed to increase linearly within the interphase. They reported that while the presence of an interphase increased the composite stiffness, it caused debonding which ultimately reduced the composite stress carrying capacity.
Pakravan et al. [39] investigated the adhesion of polypropylene (PP) fibers to a cementitious matrix. They also studied the chemical bonding and mechanical interlocking between the PP fiber and the hardened cement paste. Scanning Electron Microscopy (SEM) analysis was used to study the fiber-cement matrix interfacial transition zone (ITZ). The results showed that the application of polymerpolymer adhesion theories in fiber-cement matrix systems was feasible. Wang et al. [40] investigated the characteristics of the elastic modulus profiles. They also investigated the fiber-matrix-aggregate interfacial zones in steel fiberreinforced mortars using nanoindentation and SEM. However, very limited research was reported in the literature to investigate the ITZ in CNT-reinforced cementitious materials at the nanoscale level. The new techniques that are used to investigate the properties of the ITZ in composites (such as nanoindentation and AFM) are not yet widely utilized in the nanocomposite cement. Recently, Da Silva et al. [41] evaluated the elastic properties of the high performance cementitious composites (HPCC) (without fibers) at different length scales. They used nanoindentation at the microscale level while they investigated the macroscale elastic moduli using the static and dynamic compressive strength tests. The nanoindentation results, obtained from a representative microlevel area by grid indentation with subsequent phase deconvolution, were inserted into a two-step analytical homogenization scheme to predict the overall macroscale elastic properties of the high performance cementitious composites (HPCC).
This study represents a portion of the work done by the authors to investigate the elasticity of nanocomposite cement paste. In this paper, a four-phase axisymmetric unit cell model has been developed for a single aligned CNT embedded in the cement matrix with appropriate boundary conditions. The model has been used to conduct a parametric study to explore the effect of the mechanical properties of the ITZ (or interphase) and those of the interface on the elastic response of CNT-reinforced cementitious materials. However, the fiber waviness and random distribution within the matrix are the main features that limit their effectiveness and may result in composite with mechanical properties lower than composite with aligned fibers. Another study should be directed towards investigating the effect of fiber waviness and distribution on the elastic modulus of the nanocomposite cement paste using 3D and axisymmetric models assuming different distributions of fibers (uniformly or randomly distributed straight and curved CNTs). A novel methodology should be followed to simulate the 3D random distribution using the axisymmetric models and compare the results. As the focus of this study is to investigate the effect of the properties of the ITZ on the overall elastic behavior of the nanocomposite cement paste, the simple axisymmetric model with one CNT aligned at the center of the matrix is used in this study without considering the orientation and random distribution of the fibers. The effects of random distribution and waviness of CNTs on the elastic properties of the nanocomposite cement are presented in Abu Taqa et al. [42] .
Modeling and Assumptions
An axisymmetric model has been developed to investigate the effect of ITZ on the overall elastic modulus of the CNTreinforced cement paste. Several models were found in the literature to simulate the behavior of CNTs as space frame [43] , truss [44] , shell [45] , beam [46] , or equivalent-continuum tube [47] . However, as the focus of this work is to investigate the effect of the properties of the ITZ on the overall elastic behavior rather than the local stresses, strength, and ductility, the CNTs were modeled as beams. The model did not capture the hollow nature of CNTs. Furthermore, the interlayer movement of the multiwalled nanotubes (MWNTs) was neglected. These simplified assumptions may be acceptable herein and will tremendously reduce computational effort. However, this work can be extended to incorporate the exact nature of CNTs to study the composite strength and local stresses. The behavior of the CNT, interphase, and cement matrix was assumed to be linearly elastic. On the other hand, the interface was modeled using a cohesive surface model neglecting the interfacial friction after debonding. The assumption of an elastic cement paste is acceptable because the study investigates the overall elastic modulus of the composite rather than its strength and ductility. The mechanical properties used for the cement matrix and the fiber are shown in Table 1 .
Axisymmetric Model.
The representative volume element (RVE) of the CNT-reinforced cement paste was first divided into unit cells having hexagonal cross section and containing a single carbon nanotube in its center. Then, the hexagonal cross section was replaced by an equivalent circular cross section to form an axisymmetric unit cell. In the study, the axisymmetric model consisted of four phases, namely, CNT, interface, interfacial transition zone (ITZ or interphase), and cement matrix as shown in Figure 1 . The commercial finite element software Abaqus was used in the analysis. A 4-node bilinear axisymmetric quadrilateral element with reduced integration (CAX4R) was used to model the CNT, interphase, and cement matrix. On the other hand, the cohesive surface framework was used to model the interface. 
2.1.1.
Geometry. The unit cell length was taken equal to 2 = 1.5 m. The length and diameter of the CNT were taken equal to 2 CNT = 1.1 m and 2 CNT = 10 nm, respectively. The unit cell radius, , was changed for each CNT volume fraction using the following equation:
where the CNT is the volume fraction. The distribution of the ITZ (or interphase) around the CNT was assumed to be uniform (i.e., − CNT = − CNT ). The length and radius of the interphase ( , ) were calculated using the following equation:
where the interphase is the volume fraction.
Boundary Conditions
(a) At = . The computations were carried out up to an axial strain equal to 0.0005, which is equivalent to a tension displacement of 0.375 nm. The range of computations was limited to this small strain value to guarantee that the CNT does not fully debond from the cement matrix even for small values of interfacial strengths. In order to set the time scale, achieve the convergence, and get more accurate stressstrain diagram in the elastic region, the displacement rate was applied at small time increments.
. The boundary condition ( , ) = was applied, where was determined from the condition ∑ = 0, where ∑ is the average stress in the radial direction. The boundary condition was enforced by running the model first without applying any pressure at the boundary = . Then, the boundary was subjected to a pressure equal and opposite to the average radial stress at the boundary.
2.1.3.
Meshing. Different mesh sizes were investigated to check the sensitivity of the analysis results to the meshing size. A 1 nm × 1 nm mesh size generated a sufficient accuracy.
2.1.4.
Interface. The cohesive surface framework used to describe the CNT/interphase interface was based on the traction-separation behavior, which allows for both normal and tangential separations. It can be modeled in Abaqus software as a cohesive interaction because (1) the interface thickness is very small (i.e., approaching zero) and (2) the overall behavior of the composite is investigated rather than the exact stresses within the interface. As the displacement across the cohesive interface increases, the interface traction first increases until it reaches a maximum and then decreases to zero, if the friction between the CNT and the matrix is ignored.
The available traction-separation model in Abaqus assumes an initial linear elastic behavior followed by the initiation and evolution of damage. Once a damage initiation criterion is met, a material damage can occur according to a specified damage evolution law.
The elastic behavior is written in terms of an elastic constitutive matrix that relates the nominal stresses to the nominal strains across the interface as follows:
where = normal stress/traction at the interface, = tangential stress/traction at the interface, = normal stiffness of the interface, = tangential stiffness of the interface, = coupled stiffness of the interface, = normal strain of the interface, and = tangential strain of the interface.
If an uncoupled behavior between the normal and shear components is desired (as considered in the calculations here), is set equal to zero. The nominal strains are the separations divided by the original thickness at each integration point. In Abaqus, the default value of the original constitutive thickness is 1.0 if the traction-separation response is specified. This ensures that the nominal strain is equal to the separation at the interface.
When the stresses and/or strains at the interface point satisfy the specified damage initiation criteria, the process of degradation of the response of that point begins. Several damage initiation criteria are available in Abaqus. However, the one used in this work depends on the maximum nominal Journal of Nanomaterials 5 stress criteria which assumes that the damage initiates when the maximum nominal stress/traction ratio reaches a value of one. This criterion can be represented using the following equation:
where and represent the peak values of the nominal stress/traction when the deformation is either purely normal or tangential to the interface, respectively. The symbol ⟨ ⟩ represents the Macaulay bracket which returns only positive values. It is used herein to indicate that a pure compressive deformation or stress state does not initiate damage.
The rate at which the material stiffness is degraded once the corresponding initiation criterion is reached is described by the damage evolution law. The overall damage in the material is represented by a scalar damage variable, , which monotonically increases from 0 to 1 upon further loading after the initiation of damage. The stress components of the traction-separation model are affected by the damage according to
where and are, respectively, the normal and shear stress components that are predicted by the elastic tractionseparation behavior for the current strains without damage.
In Abaqus, the damage evolution can be described based on the displacement at failure or based on the fracture energy dissipated as a result of the damage process. The damage softening can be linear, exponential, or in tabular form. Linear damage softening based on the failure displacement is used herein in which the damage evolution variable reduces to the following expression:
where = √ 2 + 2 , = resultant displacement at complete failure, = resultant displacement at damage initiation, and max = maximum value of the resultant displacement during loading.
In this work, the friction between the CNT and the cement matrix after debonding is ignored because the surface of the pristine CNT is very smooth. All stresses in the normal direction are ignored. Hence, the deformation is assumed to be purely tangential.
Interfacial Transition Zone (ITZ or Interphase).
As previously noted, the interphase in fiber-reinforced composite is a transition region, which extends from nanometers to microns. The mechanical properties change from the bulk properties of the fiber to those of the matrix in the interphase. In carbon nanofiber-reinforced polymer composites, nanoindentation and AFM were used to determine the property gradient such as the reduced elastic modulus within the interphase. It is widely accepted that the interphase has a heterogeneous nature. However, no attempts were done to estimate the interphase thickness relative to the fiber diameter or fiber volume fraction within the polymer. Also, no specific distribution of the interphase elastic modulus was reported in the literature (i.e., linear distribution, nonuniform, heterogeneous, etc.). Studying the ITZ in the CNT-reinforced cementitious materials is not an easy task due to the brittle nature of the cement paste. Limited research work was reported in the literature. Hence, a parametric study was carried out to investigate the effect of the interphase volume fraction relative to the cement matrix assuming a uniform distribution around the CNT. Since the precise spatial variation in the interphase is not known, the distribution of the elastic modulus within the interphase varied. The following distributions have been considered: (1) a uniform distribution with a specific average elastic modulus value, (2) a nonuniform linear distribution (increasing or decreasing) assuming the interphase has the modulus of the matrix material at the interphase/matrix boundary and has a specified modulus value at the interphase/CNT boundary, and (3) stochastic elastic modulus values within the interphase which follow a normal distribution. The later distribution may be the most realistic one.
Parametric Studies
No effort has been put yet towards investigating the ITZ mechanical properties and width in the nanocomposite cement paste. The new techniques, which are used to investigate the properties of the ITZ in composites (such as nanoindentation and AFM), are not widely utilized in the nanocomposite cement paste due to the challenges associated with investigating this phase and/or locating the nanotubes in brittle material such as cement paste. On the other hand, from economical (time and cost) point of view, performing straightforward macro-microexperimental measurements on a number of samples of various particle sizes, types, shapes, volume fractions, and dispersions/distributions under different loading conditions is hardly a feasible task. However, at the present time, it is still not possible to perform atomistic or molecular dynamics simulations (MD) on realistic time scales and structures. Therefore, in this study, a four-phase axisymmetric model was developed to carry out a parametric study considering all possible ITZ volume fractions (widths) and elastic modulus distributions within the ITZ to explore the effect of those parameters on the overall elastic properties of the composite. The results of this study can be used as a guide for the experimental program that should be adopted to investigate the ITZ properties according to the degree of impact of each parameter on the overall behavior. 
ITZ Volume Fraction.
Four ITZ volume fractions were investigated, namely, 1.0%, 10.0%, 50.0%, and 99.5% of the total matrix volume. The width of the ITZ was assumed to be uniform around the fiber as shown in Figure 2 .
Distribution of Interphase Elastic Modulus.
The following four assumptions for the distribution of the ITZ elastic modulus were investigated:
(1) A uniform distribution with an average elastic modulus value equal to 75% of that of the cement matrix; that is, = 0.75 = 22.5 GPa.
(2) A nonuniform linear distribution with = = 30.0 GPa at the interphase/matrix boundary and = 0.5 = 15.0 GPa at the interphase/CNT boundary (i.e., increasing when moving away from CNT). 
Interfacial Properties.
As aforementioned, a limited number of attempts to investigate the interfacial properties in nanocomposite cementitious materials could be found in the literature. The interfacial shear strength values between the steel fiber-reinforced concrete (SFRC) and cement-based matrices are in the range from 1.4 MPa to 9.6 MPa as reported by Naaman et al. [15] . Also, Chan and Andrawes [16, 17] reported an effective shear strength value of 6.5 MPa between CNTs and the cement matrix by calibrating the numerical model using three-point bending test results. In this parametric study, interfacial shear strength IS values of 1, 5, 10, and 20 MPa were investigated for 0.5% CNT volume fraction and 110 CNT aspect ratio. The interfacial initial stiffness and allowable slip before failure were fixed at 1 × 10 −8 N/nm 3 and 0.25 nm, respectively.
Analysis, Results, and Discussion
The effect of the ITZ volume fraction and the mechanical properties of the interface (modeled as cohesive surface) on the longitudinal elastic modulus were studied. The effect of the friction between the CNT and cement matrix after debonding was ignored herein. The purely tangential deformation was also not considered herein. The CNT volume fraction and the aspect ratio were fixed to 0.50% and 110, respectively. The interface and interphase properties were previously discussed. The computations were performed using a constant displacement rate until the axial strain reached a strain value of 0.0005. The effect of each individual parameter and the interaction of those effects are discussed in the following sections. Tables 2, 3 , 4, and 5 show the predicted composite elastic modulus using different interfacial shear strengths and ITZ volume fractions. The results were obtained using the following assumptions about the ITZ elastic modulus variation: (1) constant, (2) linearly increasing, (3) linearly decreasing, and (4) stochastic. It is worth noting that in these models, the ITZ was assumed to be perfectly bonded to the cement matrix and the cohesive surface was assumed to be between the CNT and ITZ. The ITZ was also assumed to be uniformly distributed around the CNT, and hence it had a constant thickness that was computed based on its volume fraction. This thickness could be measured using AFM and nanoindentation techniques. The results show that assuming an interfacial shear strength of 20 MPa gives elastic modulus values, which are very close to those of the perfectly bonded case regardless of the distribution of the elastic modulus within the ITZ. Hence, a shear strength value of 20 MPa at the CNT/cement interface has a considerable effect on the mechanical properties of the composite.
Effect of Interfacial Transition Zone Volume Fraction.
Figures 2(a), 2(b), and 2(d) show that for the same interface strength, the elastic modulus of the composite decreases with an increase in the volume fraction (thickness) of the ITZ. This is logical because the ITZ was assumed to be weaker than the cement matrix. Then, by increasing the width of this "weak chain, " the overall elastic modulus of the composite will be lower. It could be also noted in Tables 2, 3 , and 5 that, generally, if the volume fraction of the "weaker" ITZ is considered more than 50% of the cement matrix volume, the elastic modulus of the composite will be lower than the elastic modulus of the matrix. Hence, it is important to investigate the mechanical properties and width of this layer in order to study the effect of the fibers on the matrix properties.
In Figure 2 (c), the ITZ elastic modulus was assumed to be two times larger than that of the matrix at the interface and linearly decreasing until its value reaches that of the matrix at the interphase/matrix boundary. The average elastic modulus of the ITZ in this case is 45 GPa, which is more than that of the cement paste. Hence, the ITZ can be considered as a "strong chain" for nanocomposite polymers. Increasing the width of 8 Journal of Nanomaterials the ITZ increases the overall elastic modulus of the composite as shown in Figure 2 (c).
As noted previously, the cracking and plasticity of the matrix including the ITZ were not taken into account herein because the work focuses on the elastic response of the composite. This may cause further reduction in the composite elastic modulus when "cracked" in the elastic range. Figures 3(a), 3(b), 3(c), 3(d) , and 3(e) show the variation of the composite elastic modulus with the ITZ volume fraction for each interface strength assuming different distributions of the ITZ elastic modulus. Figure 3 shows that increasing the width of the ITZ has almost the same impact on the composite elastic modulus regardless of the interface strength. Moreover, the effect of the elastic modulus distribution within the ITZ becomes more significant as the width of the ITZ increases. This may lead to question whether there is a relationship between the interface strength, the CNT diameter, or volume fraction and the ITZ volume fraction (thickness). This can be the subject of a future experimental work to study the effect of the thickness of the ITZ on the CNT-reinforced cement paste and its relationship to the other parameters. However, it can be also noted that assuming a uniform distribution within the ITZ (case 1) gives elastic modulus values less than those obtained when assuming a linear increase in the value within the ITZ (case 2) or stochastic distribution (case 4). It is also worth noting that the three cases have the same average elastic modulus value (22.5 GPa). The difference is higher for wider ITZ.
Effect of the Distribution of the Elastic Modulus within the ITZ.
Let us first investigate the results of the perfectly bonded case and compare them to the upper and lower limits of the theory of mixtures for composite materials. It is worth noting that the theory of mixtures considers that the CNT and the matrix are springs acting on parallel and on series. Let us consider the case where the ITZ volume fraction was assumed equal to 99.5%. This case corresponds to the entire matrix being interphase with a uniform average value of 22.5 GPa. The upper and lower bounds of the theory of mixtures, which were computed using the equations, Upper = CNT CNT + and Lower = CNT / CNT + CNT , were found to be equal to 27.388 GPa and 22.611 GPa, respectively. However, a more realistic assumption is to consider the CNT and matrix to be acting in parallel over the length of the CNT and then this composite acting in series with the cement matrix in the part above the CNT. In the region over the length of the CNT, the CNT volume fraction is equal to 0.00682. In this region, the effective elastic modulus is equal to 29.165 GPa (in parallel action). This region, comprising CNT and the matrix along CNT length, has a volume fraction of 0.733 acting in series with another region of plain cement matrix which has 0.267 volume fraction above CNT to give average composite elastic modulus of 27.027 GPa. This is very close to the value of 26.709 GPa shown in Table 2 and lies within the upper and lower limits of the theory of mixtures for composite materials.
Let us consider the case where the ITZ volume fraction was assumed to be 1% with a uniform average value of 22.5 GPa. Applying the above-mentioned assumption, 0.338 CNT volume fraction will act in parallel with the ITZ and this composite (volume fraction = 0.0202) is in turn acting in parallel with the cement matrix over the length of the ITZ to give an average elastic modulus value of 36.514 GPa. Then this region, which has a volume fraction of 0.733, is acting in series with a 0.267 volume fraction of cement matrix above the CNT. The elastic modulus of the part of the cement matrix, including the ITZ and cement paste, is calculated the same way and found be to be equal to 29.997 GPa. Then, the average composite elastic modulus is 34.512 GPa which is very fairly close to the value shown in Table 2 (i.e., 34.226 GPa). 
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Applying the same calculation procedure to the case where the elastic modulus is increasing linearly within the ITZ, the composite elastic modulus was found to be equal to 34.535 GPa which is very close to the value shown in Table 3 (i.e., 34.25 GPa). The composite elastic modulus is slightly larger than the one obtained in the case of uniform distribution.
As noted above, the assumption of the spatial distribution of the mechanical properties within the ITZ is essential and has a considerable effect on the elastic response of the composite. Hence, nanoindentation needs to be used to study the mechanical properties within this layer in order to be able to have a valid computational finite element model with real assumptions.
Moreover, the use of stochastic normally distributed values within the ITZ (with an average value of 22.5 GPa and 95% confidence level in which all values within the ITZ lie between 15 and 30 GPa) generated overall composite elastic modulus values between those obtained when assuming uniform and linearly increasing elastic modulus with the same average value. The assumption of stochastic normal distribution may give results which are more accurate and closer to the reality.
Effect of the Location of the Cohesive Surface.
The cohesive surface was assumed to be between the CNT and the ITZ in all previous models. However, it was observed from the pull-out test carried out for CNTs embedded in the cement matrix that part of the hydration components were attached to the surface of pulled-out CNTs. Hence, the insertion of a cohesive surface at the boundary between the ITZ and the cement paste needs to be investigated. Table 6 compares the predicted composite elastic modulus for 50% ITZ volume fraction using different interfacial strengths and assuming different distributions of the elastic modulus within the ITZ.
The results summarized in Table 6 show that the location of the cohesive surface significantly affect the elastic modulus of the composite. Regardless of the distribution of the ITZ elastic modulus, the elastic modulus values obtained when considering the cohesive surface between the interphase and the cement matrix were lower than those obtained when assuming the cohesive surface at the interface between the CNT and the interphase. According to the geometry of the four-phase model shown in Figure 1 , the length of the boundary between the CNT and the ITZ is less than the one between ITZ and cement matrix. Hence, the smaller the cohesive surface area is, the higher the composite elastic modulus is.
Conclusions
The paper studied the effect of ITZ and interfacial properties on the elastic properties of the CNT-reinforced cement paste using a four-phase axisymmetric model. The following conclusions could be drawn.
(i) For the same ITZ volume fraction and the same distribution of the mechanical properties within the ITZ, increasing the interface strength increases the elastic modulus of the nanocomposite until it reaches the maximum value, which corresponds to the perfectly bonded case.
(ii) The results also show that assuming an interface strength value of 20 MPa generates elastic modulus values which are very close to the perfectly bonded case. Hence, achieving this shear strength value at the CNT/cement interface has a considerable effect on the mechanical properties of the composite.
(iii) Assuming that the ITZ is weaker than the cement paste, the elastic modulus of the composite decreases by increasing the volume fraction (thickness) of the ITZ for a specific interface strength (regardless of the distribution of the elastic modulus within the ITZ).
On the contrary, increasing the width of the ITZ increases the overall elastic modulus of the composite if the ITZ is assumed to be stronger than the cement matrix (elastic modulus is linearly increasing within the ITZ).
(iv) Generally, considering more than 50% as volume fraction of a "weaker" ITZ results in a composite elastic modulus less than the matrix elastic modulus. Hence, it is important to investigate the mechanical properties and width of this layer in order to study the effect of the CNTs on the matrix properties.
(v) The increasing or decreasing trends of the composite elastic modulus due to an increase of the width of the ITZ is almost the same for all interface strengths.
(vi) The effect of the distribution of the elastic modulus within the ITZ becomes more significant as the width of the ITZ increases.
(vii) Assuming a uniform distribution within the ITZ gives elastic modulus values less than those obtained when assuming a linearly increasing trend within the ITZ. The difference is larger for wider ITZs.
(viii) The assumption of normally distributed values within the ITZ gives composite elastic modulus values that lie between those resulting from assuming uniform and linearly increasing elastic modulus with the same average value.
(ix) The location of the cohesive surface significantly affects the elastic modulus of the composite.
Future experimental work may be directed towards exploring the elastic properties of the nanocomposite cement paste using the static compression test. The thickness of the ITZ in the CNT-reinforced cement paste and its relation to other parameters may be also investigated using the AFM technology, for example. Moreover, nanoindentation may be carried out to study the local nanomechanical properties of the nanocomposite cement paste and within the ITZ in order to be able to have valid computational finite elements model with real assumptions. 
